Abstract: Let x : M → S n+p be an n-dimensional submanifold in an (n+p)-dimensional unit sphere S n+p , x : M → S n+p is called a Willmore submanifold if it is a extremal submanifold to the following Willmore functional:
Introduction
Let M be an n-dimensional compact submanifold of an (n + p)-dimensional unit sphere space S n+p . If h α ij denotes the second fundamental form of M , S denotes the square of the length of the second fundamental form, H denotes the mean curvature vector and H denotes the mean curvature of M , then we have
where e α (n + 1 ≤ α ≤ n + p) are orthonormal normal vector fields of M in S n+p . We define the following non-negative function on M ρ 2 = S − nH 2 , (1.1)
2) where ∆(ρ n−2 ) = i (ρ n−2 ) i,i , ∆ ⊥ H α = i H α ,ii , and (ρ n−2 ) i,j is the Hessian of ρ n−2 with respect to the induced metric dx · dx, H α ,i and H α ,ij are the components of the first and second covariant derivative of the mean curvature vector field H ( see (2.14)-(2.17) ). Remark 1.1. When n = 2 and p = 1, Theorem 1.1 was well-known (see Blaschke [1] , Thomsen [26] , Bryant [2] and chapter 7 of [31] ). When n = 2 and p ≥ 1 , Theorem 1.1 was proved by J. Weiner in [28] , in this case (1.2) reduces to the following well-known equation of Willmore surfaces (see [28] or [14] )
When n ≥ 2 and p = 1, Theorem 1.1 was proved by the author in [13] .
Remark 1.2. We should note that for n ≥ 2, C.P. Wang [27] got the Euler-Lagrange equation of Willmore functional for compact n-dimensional submanifolds without umbilical points in an (n + p)-dimensional unit sphere S n+p in terms of Moebius geometry. We also note that a different version of Theorem 1.1 was announced in Pedit-Willmore [21] . From the expression of (1.2), in the cases n = 3 and n = 5 we need assume that M has no umbilical points to guarantee (ρ n−2 ) i,j is continuous on M . We will make this assumption in this paper.
In order to state our main result, we first give the following two important examples Example 1 (see [13] or [8] ). The tori
are Willmore hypersurfaces in S n+1 . We call W m,n−m , 1 ≤ m ≤ n − 1, Willmore tori. In fact, the principal curvatures k 1 , · · · , k n of W m,n−m are
We have from (1.5)
where h ij = h n+1 ij . Thus we easily check that (1.2) holds, i.e., W m,n−m are Willmore hypersurfaces. In particular, we note that ρ 2 of W m,n−m for all 1 ≤ m ≤ n − 1 satisfy
We recall that well-known Clifford minimal tori are
It is remarkable that a Willmore torus coincides with a Clifford minimal torus if and only if n = 2m for some m.
Remark 1.3. When n = 2, we can see from (1.3) that all minimal surfaces are Willmore surfaces. In [22] , Pinkall constructed many compact non-minimal flat Willmore surfaces in S 3 . In [3] , Castro-Urbano constructed many compact non-minimal Willmore surfaces in R 4 . Ejiri [7] and Li-Vrancken [17] constructed many non-minimal flat tori in S 5 and S 7 . Bryant [2] classified the Willmore spheres in S 3 and Montiel [19] classified the Willmore spheres in S 4 . When n ≥ 3, minimal submanifolds are not Willmore submanifolds in general, for example, Clifford minimal tori C m,n−m = S m m n ×S n−m n−m n are not Willmore submanifolds when n = 2m. In [8] , the authors proved that all n-dimensional minimal Einstein submanifolds in a sphere are Willmore submanifolds (we note that this result was stated in [21] by Pedit and Willmore).
Example 2 (see [6] or [11] ). Veronese surface. Let (x, y, z) be the natural coordinate system in R 3 and u = (u 1 , u 2 , u 3 , u 4 , u 5 ) the natural coordinate system in R 5 . We consider the mapping defined by
where x 2 + y 2 + z 2 = 3. This defines an isometric immersion of S 2 ( √ 3) into S 4 (1). Two points (x, y, z) and (−x, −y, −z) of S 2 ( √ 3) are mapped into the same point of S 4 .
This real projective plane imbedded in S 4 is called the Veronese surface. We know that Veronese surface is a minimal surface in S 4 (see [6] or [11] ), thus it is a Willmore surface. We also note that ρ 2 of the Veronese surface satisfies
In the theory of minimal submanifolds in S n+p , the following J. Simons' integral inequality is well-known
then either S ≡ 0 and M is totally geodesic, or S ≡ n 2−1/p . In the latter case, either p = 1 and M is a Clifford torus C m,n−m , or n = 2, p = 2 and M is the Veronese surface.
In this paper we prove the following integral inequality of Simons' type for compact Willmore submanifolds in S n+p . 12) then either ρ 2 ≡ 0 and M is totally umbilic, or ρ 2 ≡ n 2−1/p . In the latter case, either p = 1 and M is a Willmore torus W m,n−m defined by (1.4); or n = 2, p = 2 and M is the Veronese surface. Remark 1.4. In case p = 1, Theorem 1.3 was proved by the author in [13] . We also classified all isoparametric Willmore hypersurfaces in S n+1 in [13] .
Preliminaries
Let x : M → S n+p be an n-dimensional submanifold in an (n + p)-dimensional unit sphere S n+p . Let {e 1 , · · · , e n } be a local orthonormal basis of M with respect to the induced metric, {θ 1 , · · · , θ n } are their dual form. Let e n+1 , · · · , e n+p be the local unit orthonormal normal vector field. In this paper we make the following convention on the range of indices:
Then we have the structure equations
(2.1)
2)
3)
The Gauss equations are
where R is the normalized scalar curvature of M and S = α,i,j (h α ij ) 2 is the norm square of the second fundamental form, H = α H α e α = 1 n α ( k h α kk )e α is the mean curvarture vector and H = |H| is the mean curvature of M .
The Codazzi equations are
where the covariant derivative of h α ij is defined by
The second covariant derivative of h α ij is defined by
By exterior differentiation of (2.8), we have the following Ricci identities
The Ricci equations are
We define the following non-negative function on M
which vanishes exactly at the umbilical points of M . Willmore functional is the following functional (see [4] , [21] and [27] )
By Gauss equation (2.6), (2.13) is equivalent to
It was shown in [4] , [21] and [27] that this functional is an invariant under Moebius (or conformal) transformations of S n+p . We use the term Willmore submanifolds to call its critical points. When n = 2, the functional essentially coincides with the well-known Willmore functional and its critical points are Willmore surfaces.
We define the first, second covariant derivatives and Laplacian of the mean curvature
Let f be a smooth function on M , we define the first, second covariant derivatives f i , f i,j and Laplacian of f as follows
3. Proof of Theorem 1.1
Let x : M → S n+p be a compact submanifold in a unit sphere S n+p . From Wang [27] , we have the following relations of the connections of the Mobeius metricρ 2 dx · dx and induced metric dx · dx
where ρ is defined by (1.1).
We get by use of (3.15) of [27] and (3.1)
2) where {(lnρ) k,j } is the Hessian-Matrix of lnρ with respect to the induced metric dx · dx and {H α ,i } is defined by (2.14). Letting i = j, making summation over i in (3.2) and using (3.15) of [27] , we have
On the other hand, we have from (3.10) and (3.14) of [27] i,j
Putting (3.3) and (3.4) into the following Willmore condition (see (2.34) and (4.27) of [27] )
we get n−1
(3.5) ′ We can check the following identity by a direct computation
(3.6) Thus (3.5) ′ is equivalent to (1.2) by use of (3.6). We complete the proof of Theorem 1.1.
where f is any smooth function on M and f i,j is defined by (2.17). We know that 2 α is a self-adjoint operator (cf. Cheng-Yau [5] , Li [15, 16] ). It is remarkable that this operator naturally appears in Willmore equation (1.2) . In fact, by use of this self-adjoint operator, Willmore equation (1.2) can be written as the following equivalent form
The Lemmas
We first prove the following Lemma (c.f. Simons [25] , Chern-Do Carmo-Kobayashi [6] or Schoen-Simon-Yau [24] )
where
is defined by (2.14).
Proof. By the definition of ∆ and ρ 2 , we have by use of (2.7) and (2.10)
By use of (2.4) and (2.5), we have
3) On the other hand, we have by (2.11)
Putting (4.3) into (4.2), we obtain (4.1) by use of (4.4).
Lemma 4.2 Let M be an n-dimensional (n ≥ 2) submanifold in S n+p , then we have
5)
is defined by (2.14). Proof. We construct the following symmetric trace-free tensor (c.f. [9] or [13] )
Then we can easily compute that
Then we have
which proves the Lemma 4.2.
Define tensorsh
Then the (p × p)-matrix (σ αβ ) is symmetric and can be assumed to be diagonized for a suitable choice of e n+1 , · · · , e n+p . We set
We have by a direct calculation 
where (ρ n−2 ) i,j , ∆(ρ n−2 ) and ∆ ⊥ H α are defined by (2.17) and (2.16).
In general, for a matrix A = (a ij ) we denote by N (A) the square of the norm of A, i.e.,
Clearly, N (A) = N (T t AT ) for any orthogonal matrix T .
We need the following lemma (see Chern-Do Carmo-Kobayashi [6] )
Lemma 4.4. Let A and B be symmetric (n × n)-matrices. Then
and the equality holds for nonzero matrices A and B if and only if A and B can be transformed simultaneously by an orthogonal matrix into multiples ofÃ andB respectively, whereÃ
Moreover, if A 1 , A 2 and A 3 are (n × n)-symmetric matrices and if
then at least one of the matrices A α must be zero.
Proof. By use of (4.10) and (4.12), (4.1) becomes
(4.15) By (2.11), we have
By use of Lemma 4.4, (4.9), (4.10) and (4.16), we get
Putting (4.18) into (4.15), we get (4.14).
Lemma 4.6. Let M be an n-dimensional submanifold in an (n + p)-dimensional unit sphere S n+p , then we have
Proof. First it is easy to check the following calculation
21) we get from (4.5), (4.14) and (4.21)
We obtain (4.19) by putting (4.22) into (4.20).
Lemma 4.7. Let x : M → S n+p be an n-dimensional compact submanifold in S n+p . Let f and g be two any smooth functions on M . Then we have
(4.23)
Proof. Integrating the following identities over M
we get (4.23).
Lemma 4.8. Let M be an n-dimensional compact Willmore submanifold in an (n+p)-dimensional unit sphere S n+p , then we have
Proof. We have the following calculation by use of Stokes formula and Lemma 4.7
Putting (4.13) into (4.25), using Stokes formula and Lemma 4.7, we get (4.24).
Lemma 4.9. Let M be an n-dimensional compact submanifold in an (n + p)-dimensional unit sphere S n+p , then we have
(4.26) Proof. We have the following calculation by use of Stokes formula and Lemma 4.7
By use of Stokes formula and Lemma 4.7, we also have Lemma 4.10. Let M be an n-dimensional compact submanifold in an (n + p)-dimensional unit sphere S n+p , then we have 
From (4.18) we obtainσ
whereσ α is defined by (4.9). From (5.7) and Lemma 4.4, we conclude that at most two of the matrices A α = (h α ij ) = (h α ij − H α δ ij ) are nonzero, in which case they can be assumed to be scalar multiples of A andB in Lemma 4.4. We now consider the case p = 1 and p ≥ 2 separately.
Case p = 1. From (5.6), we know that M is an isoparametric hypersurface. In this case Theorem 1.3 already has been proved by the author in [13] (see Theorem 3 of [13] ). We conclude that M is one of Willmore tori, that is, M = W m,n−m for some m with 1 ≤ m ≤ n − 1.
Case p ≥ 2. In this case, we know that at most two of A α = (h α ij ), α = n+1, · · · , n+p, are different from zero. If all of A α = (h α ij ) are zero, which is contradiction with (5.5). Assume that only one of them, say A α , is different zero, which is contradiction with (5.8). Therefore we may assume that
whereÃ andB are defined in Lemma 4.4. In this case, the inequality (5.3) is actually equality, that is,
In fact, (5.9) is
In view of λ, µ = 0, we follow
that is, H = 0, i.e., M is a minimal submanfold in S n+p , (5.5) becomes
From Main Theorem of Chern-Do Carmo-Kobayashi [6] , we conclude that n = 2, p = 2 and M is a Veronese surface defined by example 2. We complete the proof of Theorem 1.3.
Some Related Results
For p ≥ 2, we can improve Theorem 1.3 as follows Theorem 6.1 Let M be an n-dimensional (n ≥ 2) compact Willmore submanifold in (n + p)-dimensional unit sphere S n+p . Then we have M ρ n 2 3 n − ρ 2 dv ≤ 0. (6.1)
In particular, if
2) then either ρ 2 ≡ 0 and M is totally umbilic, or ρ 2 ≡ 2 If (6.2) holds, then we conclude from (6.1) that either ρ 2 ≡ 0 and M is totally umbilic, or ρ 2 ≡ 2 3 n. In the latter case, i.e., ρ 2 ≡ 2 3 n, (6.6) using the similar argument as the proof of theorem 1.3, we can conclude that ∇ ⊥ H ≡ 0, h α ijk ≡ 0 and H ≡ 0, i.e., M is a minimal submanifold with (6.6). From Theorem 3 of [12] , we know that n = 2, p = 2 and M is the Veronese surface. We complete the proof of Theorem 6.1.
We now mention the following example Motivated by Chern's conjecture about minimal submanifolds in S n+p (see [6] ) and Theorem 1.3, we propose the following problem:
Problem. Let x : M → S n+p be an n-dimensional compact Willmore submanifold in an (n + p)-dimensional unit sphere S n+p with ρ 2 := S − nH 2 = constant. Is the set of values of ρ 2 discrete?
